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An Improved Toom’s Algorithm for Linear
Convolution

A. Elnaggar Associate Member, IEEBNd M. Aboelaze

Abstract—This letter presents an improved Toom’s algorithm R %)
that allows hardware savings without slowing down the processing id il [ a2 n
speed. We derive formulae for the number of multiplications and 2n-1 z C(“/Zj -
additions required to compute the linear convolution of sizen = Convolution 4 g n
2=, We demonstrate the computational advantage of the proposed g ot ~|C(n/21r LI <
improved algorithm when compared to previous algorithms, ) 5 E
such as the original matrix—vector multiplication and the FFT OUTPUT ] ol [ a2 |2 INPUT
algorithms. @ Cn2) @
Index Terms—Convolution, permutation matrices, shuffle net- Stage #3 Stage #2 Stage # 1
works, tensor products, Toom'’s algorithm. C(n) 1-D Convolution
. INTRODUCTION Fig. 1. Original realization of the 1-D convolution algorithm.
ONVOLUTION is a very important operation in signal
and image processing with applications to digital filtering
and video image processing. Many approaches have been sug- 1 0 1 0 0
gested to achieve high-speed processing for linear convolution A=|1 1 B=|-11 —-1]. (5)
and to design efficient convolution architectures [1]-[5]. 0 1 00 1

The proposed work is based on a nontrivial modification (}g
the one-dimensional (1-D) convolution algorithm presented |

[1] and sh_own in Fig. 1. Using an alternative (permutation-fre¢ n be realized by cascading the three stages: preaddition stage
construction, we show that the number of lower order parall

convolutions (Stage #2 in Fig. 1) can be reduced from three td' followe:-c_j by one stage of mult|'pl|c§1t|or1§(n), followed by
only two, while keeping the regular topology and simple da%postaddmon staght,, as shown in Fig. 1 [1].

flow of the original very large scale integration (VLSI) architec-
ture. Our methodology employs tensor-product decompositions
and permutation matrices as the main tools for expressing DSRJsing the tensor-product propert, », Pr n, = Pn ninss

_m represents a shuffle permutation matrix:omputs with
ridem, and® represents the tensor-product [6]. Equation (1)

Il. IMPROVED PREADDITION AND POSTADDITION

algorithms. Where@ = Ninong [4]—[6]_, _the term( P za -1y, 3(2-2)) CON-
Let z,, and h,, be two sequences of length = 2. The tained in (3) can be simplified to
linear convolutionys,,—1 = h,, * x, in matrix form is given a3
by Ys,—1 = C(n)z,, whereC(n) is the convolution matrix P -p H P (6)
. 3(20—1),3(20—2) — £3(20-1),3 3(20—1),2-
defined by [1] iy
C(n) = RaD(n)Q ) Since the tensor-product is commutative and from (6), then
a—1
Psioa— _
where (Pogammsy aems))
a—2
- . = | P32o-1),3 P3ga-1y 2 | (P320-1), 3202
D(n) = diag[Qnhx] ) < (2o 1;[1 22,2 | (Pazem1),30-2))
a—2
Qn = (Pra-13, 2%23)&_1 [(I20-1 ® A) P 30-1] (3 = Paan, s (Par),520-2) ' (7)

But sincel, ., Pn. n, = I, Wheren = nino
Ry, = Ryan (P3(2n—1),3 (I2o_1® B) P3(2n—1),(2n—1)) 4)
P3(2a71),2 'P3(2a71),3(2n72) = 13(2(\*1)- (8)
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(a) The original realization. (b) The shuffle-free realization.
Fig. 2. Realization of)s. (a) Original realization. (b) Shuffle-free realization.
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(a) The shuffle-free architecture. (b) The multiplexed architecture.

Fig. 3. Realization of eight-point convolution. (a) Shuffle-free architecture. (b) Multiplexed architecture.

By decomposing the two permutatioRgs. -1y, 3 andPe. 2.1 Fig. 3(a). We assume that each addition requires one unit of
in (10) into their serial forms [6],, can be simplified to time.

[Il. M ULTIPLEXED ARCHITECTURE OF THEL-D CONVOLUTION
Qn=A® Iha 1. (11)
A careful scrutiny of the realization shown in Fig. 3(a) reveals
Note that the above expression @y, does not include any (ex- that the data movement through the computational stages en-
plicit) permutations. The realization 6fs (» = 2%) using the counters differentamounts of delays. In particular, the computa-
original form of (3) and the modified shuffle-free representatiofions involved in thes matrix affect only the middle four-point
of (11) is shown in Figs. 2(a) and 3(b), respectively. convolution in the center stage. Thus, the top and the bottom
Even though the resulting circuits in Figs. 2(a) and 3(b) afeur-point convolutions can be computed one addition cycle
topologically equivalent, removing the shuffle-permutationghead of the middle four-point convolution. This means that
from the tensor formulations can simplify data movement.  only two four-point convolvers are needed at a time. Therefore,
Similarly, substituting,« _; for A,,, in (4) and applying sim- through the use of a multiplexer, either the top or the bottom
ilar tensor-product properties [6E,, can be simplified to four-point convolver can be removed from the architecture [as
shown in Fig. 3(b)], allowing hardware savings without slowing
down the processing speed.
R(«) [P3(2°—1),3(—72“—1 @ B)Pyze-1), (2“—1)] It should be mentioned that it would not be possible to ob-
R(a)(B ® Ize_1). (12) serve the resource sharing shown in Fig. 3(a) without the im-
proved shuffle-free architecture. This is evident by comparing
The permutation-free recursive realization of the eight-poittte realizations of)g in the original form [Fig. 2(a)] and the
convolution using three four-point convolutions is shown imodified shuffle-free form [Fig. 2(b)].

R,
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TABLE |
A COMPARISON OF THENUMBER OF ADDITIONS WITH OTHER APPROACHES
Method Formula Used n=8 n=256 n=1024
Direct nn-1) 56 65,280 1.047x10°
FFT 12nlog2n 384 27,648 0.135x10°
The proposed Algorithm 5(31087) _7(2l087) o 81 31,015 0.288x10°
TABLE I
A COMPARISON OF THENUMBER OF MULTIPLICATIONS WITH OTHER APPROACHES
Method Formula Used n=8 n=256 n=1024
Direct n? 64 65,536 1.048x10°
FFT 12nlog2n+8n 448 29,696 0.143x10°
The proposed algorithm 3logn 27 6,561 59,049
IV. COMPUTATION COMPLEXITY OF THE when: = 2 andj varies over its entire range, then the set of
IMPROVED ALGORITHM coordinates for the one-entries is given by
it i i 8+1 . 8+1 . 3
From (3), the number of additions required is the number of 29 + 4, 2027t - D)+ 4] = ]2(131171

additions to compute the terfds.—1 ® A). The rest are per- . . o . .
mutations only. Tpherefore, th(rebnu:nber )of additions netlaodedvf' ich describes the third identity matty... _, placed inrows

I o o 27+ to (2742 — 2) and columng2°+2 — 2) to [3(2°+1) — 4].
compute the preaddition stage is given by 2%) Finally, notice that there is no overlapping between the row
il =y o e coordinates of ) and I, which means that each row of the

Z (3 )2 =3 Z (37)(2) = (3% = 2%). (13) matrix R(c) will contain only two one-entries at the row coor-

=0 =0 dinates specified above and only one one-entry in the remaining
From (4), the number of additions is the number of additions tews. Since the number of additions required is equal to the
compute the ternil»- _; @ B) plus the additions to compute number of these rows with two one-entries, the number of addi-
R(«). The rest are permutations only. Since each of the thragpns to computeR(«) is given by
input adders used in computing the matHxcan be realized by

a—1

two two-input adders, the number of additions is given by ) Z 3t (2o — 1), (15)
@ =1
2y 3T -, (14)  Therefore, from (14) and (15), the number of additions needed
=1

to compute the postadditions is given by
The matrixR(«) is a special matrix of zeros and ones and has « ‘ o ‘
the property that the number of one-entries per row is eith%E 3t )+ 22 3it(eemt )
one or two; all other entries are zeros. Moreover, the number of=1 i=1
one-entries per column is exactly one; all other entries are zeros. =2+4(3)* —6(2)*. (16)
Using these properties, we can derive modular realizations fey, (13) and (16), the total number of additions needed to
the matrix R(«) at different stages. For a convolution of Siz%omputen—point (n = 2*) convolutions is given by
n = 2%, the coordinates of the one-entries are
(3% —2%) 4+ 24+4(3)* — 6(2)* =5(3%) —7(2%) + 2. (17)

Sincef)(n) is a diagonal matrix of ord&¥*, applying the matrix
where,i =0,1,2,j=0,1,..., (2% - 2). D(n) implies performing independent elemenwise multiplica-

Letow — 1 = f. Then, the coordinates for the one-entriegons, which can be done in parallel. Therefore, the total number
become(i(2)? + j, i(2°F — 1)+ 5]. Now, observe thatif = 0 of multiplications required is equal to the number of multiplica-
while j varies over its entire range, then the set of coordinates f@ns in the single-core stage and is equattd1].
the one-entries is given by, j] = I} |, which describes an  Tables | and Il show the computational advantage of the pro-
identity matrix that occupies rows 0 {@°*! — 2) and columns posed improved algorithm when compared to previous algo-
0 to (27! — 2) of the matrix R(c). Similarly, wheni = 1 rithms, such as the original matrix—vector multiplication and
andj varies over its entire range, the set of coordinates for tkige fast Fourier transform (FFT) algorithms. For example, al-
one-entries is given b2’ + j, 20+t — 1 4 4] = Ié,%)ﬂ_l, though the number of additions of the proposed algorithm is
which describes another identity matiliys+1_; placed in rows nearly twice that of the FFT, the number of multiplications is
28 to [3(27+1) — 2] and columng?+! — 1 t0 2°+2 — 3. Finally, less by 70% for the case = 1024.

[12% = 1) +J, (2% = 1) + ]
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V. CONCLUSIONS [2]

In this letter, we presented an improved Toom’s algorithm
that allows hardware savings without slowing down the pro- [3]
cessing speed. We demonstrated the computational advantage
of the proposed improved algorithm when compared to Pre-r,;
vious algorithms, such as the original matrix—vector multipli-
cation and the FFT algorithms.

(5]
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