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Question 1. (a) (1 MARK) Does Principle 2 refer to “stages”? (Simply: Yes/No)

(b) (3 MARKS) Using said principle prove that if R is an equivalence relation on a set A
then A/R that denotes the set of all the equivalence classes of R is also a set.
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Question 2. Consider the congruence modulo 5, “≡5”.

We know that it is an equivalence relation on Z.

(a) (1 MARK ) How many equivalence classes does ≡5 have?

(b) (4 MARKS) Display each of the equivalence classes of ≡5 as specific sets of integers.

Caution. A “display” that is just the definition of an equivalence class as in

[y]
Def
= {x ∈ Z : x ≡5 y}

will NOT do (0 marks). Your display must NOT refer to the symbol “≡5”.
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Question 3. Given the relation R on A = {a, b, c, d, e} by the pairs

R = {(a, b), (c, b), (b, d), (e, d)}

(a) (2 MARKS) Display the transitive closure R+ of R as a set of pairs.

(b) (1 MARK) Explain why R+ is an order.

Caution: An order has two defining properties.

(c) (2 MARKS) Display the Hasse diagram of the order R+

(d) (1 MARK) Display the set of minimal members of R+.
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Question 4. (4 MARKS) We know that for relations R,Q and P we have

(R ◦Q) ◦ P = R ◦ (Q ◦ P )

Prove that for functions f, g and h we have

(fg)h = f(gh)

Hint. Careful with the notation “fg”!
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Question 5. (5 MARKS) Solve the recurrence below in closed form for Tn:
T0 = 0

and, for n > 0,

Tn = nTn−1 + n!

The notation “n!” above is the “n factorial”, that is, “1 · 2 · 3 · 4 · . . . · n”.

Hint. Do NOT use generating functions. Use the “telescoping series” trick for additive re-
currences from our lecture notes. But before you do that it is strongly recommended to
divide by “n!” both sides of “=” (in the second equation) and work with

tn
Def
=

Tn

n!

instead of Tn.
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Question 6. (4 MARKS) Prove that
∑n

i=1 i
5 = O(n6).
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Question 7. (4 MARKS) Prove using the short north-east diagonals

↗

or any other mathematical method of your preference, that if A is enumerable, then it is also
countable with an enumeration that lists each of its members exactly three (3) times.

Hint. Your proof will consist of constructing an enumeration with the stated requirement.
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Question 8. (4 MARKS) Prove A→ (∀x)B ` (∀x)(A→ B).

Hint. It is recommended that you use Axiom 2 (in its “simple form”) early on in your proof.
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Question 9. (4 MARKS) Use (simple) induction on n to prove that for n ≥ 0, 7n − 2n is divisible by 5.
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