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This note summarizes the measurement of curvature along isophotes in a lumi-
nance image as presented in [1].

For a luminance image L(x, y) where x, y are the Cartesian coordinates in the
image plane, the equation of the boundary of the isophote (referred to as a blob
by the authors [1]) is defined as L(x, y) = L0 (see Fig. 1). The curvature of this
boundary is found by implicitly differentiating the definition of the isophote twice
with respect to the x coordinate. This yields two equation, specifically the first and
second derivatives of y with respect to x which can be combined to explicitly solve
for d2y/dx2, yielding,

d2y

dx2
=
−L2

yLxx + 2LxLyLxy − L2
xLyy

L3
y

(1)

The desired curvature κ is defined in the special case where the x-axis is tangent
to the isophote. This is done by reexpressing the local structure in terms of a local
coordinate system defined by the local structure of the image itself, specifically the
first-order gauge coordinates1. In this case Lx = 0 and the solution reduces to,

κ = −Lxx

Ly

. (2)

Next the derivation of Eq. (1) is summarized. To reiterate, the defining equation
of the isophote is given as,

L(x, y) = L0. (3)

1The first-order gauge coordinates are defined by the gradient direction and its perpendicular
direction.
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isophote: L(x,y) = Lo

Figure 1: Image isophote.

The first derivative of y with respect to x is arrived at by implicit differentiation
of the isophote (3),

dy

dx
= −Lx

Ly

= −LxL
−1
y . (4)

Differentiating (4) once again with respect to x, yields,

d2y

dx2
= −L−1

y Lxx − L−1
y Lxy

dy

dx
+ LxL

−2
y Lyx + LxL

−2
y Lyy

dy

dx
. (5)

Substituting (4) into (5), yields,

d2y

dx2
= −L−1

y Lxx + L−1
y LxyLxL

−1
y + LxL

−2
y Lyx + LxL

−2
y LyyLxL

−1
y (6)

= −L−1
y Lxx + L−2

y LxyLx + LxL
−2
y Lyx − LxL

−3
y LyyLx (7)

= −
L2

yLxx

L3
y

+ 2LxLxyL
−2
y − L2

xLyy

L3
y

(8)

=
−L2

yLxx + 2LxLyLxy − L2
xLyy

L3
y

(9)
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