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In this note we review the computation of optical and affine flow. We will
assume that the velocity within the considered neighbourhood is constant [7, 8].
An alternative formulation is to consider the motion within a neighbourhood
(or entire image) as slowly varying [6].

The starting point is the assumption of brightness constancy [5], which as-
sumes that the brightness structures of local-time varying image regions are
unchanging under motion for a short period of time. Formally, this is defined
as,

I(x, y, t) = I(x− u, y − v, t− 1) (1)

where (x, y)> represents image position in pixel coordinates, t represents the
temporal coordinate, (u, v)> represents the motion at image position (x, y)>

over the time t + 1 and I(x, y, t) represents the image brightness function.
Using the least-squares criteria, we seek the motion that minimizes the error

ε over a region R of the image, formally,

ε =
∑

x,t,∈R

[I(x, y, t)− I(x− u, y − v, t− 1)]2 (2)

Assuming that I(x, y, t) is approximately locally linear (2) is simplified by
taking a Taylor series expansion and omitting terms higher than first order [5],

ε ≈
∑

x,y,∈R

[I(x, y, t)− (I(x, y, t)− Ix(x, y, t)u− Iy(x, y, t)v − It(x, y, t))]2 (3)

=
∑

x,y,∈R

[Ix(x, y, t)u + Iy(x, y, t)v + It(x, y, t)]2 (4)

where Ix, Iy and It represent the partial derivatives of the intensity function with
respect to the spatial parameters x, y and temporal parameter t, respectively.

To obtain the estimate of velocity in the pure translation case, the partial
derivatives of the error in (4) are taken with respect to the translational velocity
(u, v)> and set to zero. This yields the following set of linear equations,( ∑

I2
x

∑
IxIy∑

IxIy

∑
I2
y

) (
u
v

)
= −

(∑
IxIt∑
IyIt

)
(5)

A minimum of two points are required for the full solution. The undercon-
strained problem given a single point is commonly referred to in the literature
as the aperture problem [5].
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In the case where the motion is modeled locally by an affine transforma-
tion, corresponding to a composition of rotation, dilation, shear and translation,
(u, v)> are defined as follows,(

u
v

)
=

(
a1 a2

a4 a5

) (
x
y

)
+

(
a0

a3

)
(6)

As in the case of translational motion, to obtain the estimates of the affine
parameters (4) is differentiated with respect to the six unknown affine parame-
ters (ai where i = 0, . . . , 5) and set to zero, yielding the following set of linear
equations [2],
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a0

a1

a2
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a4

a5



= −



∑
IxIt∑
xIxIt∑
yIxIt∑
IyIt∑
xIyIt∑
yIyIt


(7)

In this case, a minimum of six points are required for a unique solution.
For both the translational and affine motion cases the Taylor series approx-

imation is a source of imprecision in the final estimates. The precision can
be improved by an iterative alignment procedure proposed in [8]. This pro-
cedure can be likened to Newton-Raphson’s root finding method. Given the
initial velocity estimate the first image is shifted towards the second image.
The motion estimation procedure is repeated between the newly shifted image
and the second image. This procedure is iterated until convergence. For further
details see [8]. Finally, to further extend the range of the estimator for large
displacements, one can implement the estimation within a multiresolution im-
age pyramid structure (e.g., Gaussian pyramid [3], Laplacian pyramid [4]); for
details see [1].
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